
NASA TECHNICAL TRANSLATION NASA TT F- 13,155 

WALL EFFECT ON A HELICOPTER ROTOR I N  A CLOSED CIRCULAR 
TUNNEL: INCOMPRESSIBLE F W W  AROUND A DOUBLET PLACED 

I N  A CLOSED GIRCULAR TUNNEL 

Trans la t ion  of I tEf fe t  de p a r o i  s u r  un r o t o r  d lhe l i cop te re  
en veine ferm6e de s e c t i o n  c i r c u l a i r e :  Ecoulement incorn- 
p r e s s i b l e  autour  d 'un doublet  p lace  dans une veine fermhe 
c i r c u l a i r e , "  Document No. 12/2751 G N ,  Off ice  National 
dIEtudes e t  de Recherches Aerospa t ia les ,  November, 1968, 

pp. 1-78, I-XXVII.  

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
WASHINGTON, D. C. 20546 JULY 1970 



1 . TABLE OF CONTENTS 

2 . Introduct'ion ................................................... 1 
3 . Conventions and Notations- ....................................... 2 

4 . Conditions Which Should Be S a t i s f i e d  by 
Complementary Po ten t i a l  c p C ( M )  .................................. 9 

5 . Pr inc ip l e  of Calculat ion of Complementary 
P o t e n t i a l :  (pc(M)=.,(X.2. 8 )  ................................... 11 

6 . Development as a Fourier  S e r i e s  of t h e  
Function md(g.2.8). h a g e  of t h e  Po ten t i a l  
of t h e  Doublet D O  Veloc i t ies  .................................. 13 

7 . Calculat ion 'of t h e  Complementary P o t e n t i a l  
~ p ~ ( X . 2 . 0 ) .  P a r t  1 ............................................. 28 

Calcula t ion  of t h e  In t eg ra l  E(u.v.w.m.rnl. h) ................... 40 

cpC(X.2. 0 )  ..................................................... 58 

8 . 
9 . Calcula t ion  of Complementary Po ten t i a l  

10 . Calculat ion of Ve loc i t i e s  Induced by Doublet D ................ 63 

11 . Annexes: 

Annex I :  Euler Functions .................................... 74 

Annex 11: Hypergeometric Gauss Functions 
F(Q).B.Y. z )  ......................................... 77 

Annex 111: Modified Bessel Functions ......................... 85 

Annex I V :  L i s t  of Works Cited A s  References ................. 95 



NASA TT F-13,155 

WALL EFFECT ON A HELICOPTER ROTOR I N  A CLOSED CIRCULAR TUNNEL: 
INCOMPRESSIBLE FLOW AROUND A DOUBLET 
PLACED I N  A CLOSED CIRCULAR TUNNEL 

P. Michel 

ABSTRACT: A method of ca l cu la t ing  t h e  i n t e r a c t i o n  of 
a c y l i n d r i c a l  w a l l  wi th  a c i r c u l a r  s t r a i g h t  s ec t ion  wi th  
t h e  flow from a doublet  placed i n  any way i n  t h i s  w a l l  
is descr ibed.  This  method is designed t o  be used i n  
t e s t i n g  h e l i c o p t e r  r o t o r s ,  Included are  desc r ip t ions  o f  
condi t ions  t o  be s a t i s f i e d  by complementary p o t e n t i a l  
'pc ( M )  , c a l c u l a t i o n  p r i n c i p l e  of complementary p o t e n t i a l  
cpc(M)='pc(X,2,8), development of Four ie r  ser ies  f o r  
func t ion  +d(g ,2 ,8)  and c a l c u l a t i o n s  of complementary 
p o t e n t i a l  'pc(X,2,8),  i n t e g r a l  E ( u , v , w , ~ i ~ , m ~ , h ) ,  and 
v e l o c i t i e s  induced by doublet  D. Annexes conta in  
desc r ip t ions  of Euler ,  hypergeometric Gauss and modi- 
f i e d  B e s s e l  f unc t ions ,  as w e l l  as reference c i t a t i o n s .  

2. In t roduct ion  

2.1. The method descr ibed i n  t h i s  first ins ta l lment  allows ca l cu la t ion  

of t h e  i n t e r a c t i o n  of a c y l i n d r i c a l  w a l l  wi th  a . c i r c u l a r  s t r a i g h t  s ec t ion  

with t h e  f low from a doublet  placed i n  any way whatever i n s i d e  t h i s  w a l l .  

- / 2 *  

2.2. The presence of t h e  w a l l  imposes a condi t ion  a t  t h e  boundaries on 

t h e  p o t e n t i a l  of doublet  v e l o c i t i e s  which it cannot s a t i s f y .  

2.2.1. When t h e  w a l l  is  pr i smat ic  (with s t r a i g h t  s ec t ion  most o f t e n  

square o r  r ec t angu la r ) ,  t h e  p o t e n t i a l  of t h e  v e l o c i t i e s  of t h e  doublet  and 

of i t s  " images ,11  produced by symmetries which are success ive  with r e spec t  

t o  each one of t h e  p lanes  containing t h e  w a l l  components, satisfies t h i s  

condi t ion  a t  t h e  boundaries. 

2.2.2. If t h e  w a l l  is c y l i n d r i c a l ,  t h e  s implest  method o f  solving 

t h e  problem c o n s i s t s  i n  adding t o  t h e  p o t e n t i a l  of  doublet  v e l o c i t i e s  

a so-cal led "complernentaryl1 p o t e n t i a l ,  which w i l l  be determined by two 

* Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  fo re ign  text.  
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condi t ions  (see paragraph 4 ,  page 10 [of fore ign  t e x t ] ) ,  which, i n  t h e  

case of a c i r c u l a r  cy l inde r ,  are expressed i n  a r e l a t i v e l y  simple manner. 

A t  each p o i n t ,  t h e  grad ien t  of t h e  "complementaryt' p o t e n t i a l  r ep resen t s  

t h e  d i f f e r e n c e  between t h e  v e l o c i t i e s  which could be measured according 

t o  whether t h e  f low coming.from t h e  doublet  is c a r r i e d  out  or not i n  t h e  

presence of t h e  c y l i n d r i c a l  w a l l  : whence t h e  advantage of t h e  "complementary1' 

p o t e n t i a l  f o r  t h e  c a l c u l a t i o n  of w a l l  i n t e r a c t i o n s  during t e s t i n g  i n  a 

c losed  wind tunnel  wi th  a c i r c u l a r  c r o s s  sec t ion .  

2.3. Although capable  of more general  app l i ca t ions ,  t h e  c a l c u l a t i o n  

developed below is c a r r i e d  out wi th  a very p r e c i s e  goal i n  mind, i .e. ,  t o  ' 

be  used as a b a s i s  f o r  t h e  e labora t ion  of a method of w a l l  co r r ec t ion  which 

could be  appl ied t o  t h e  t e s t i n g  of a h e l i c o p t e r  r o t o r  i n  wind tunnel  S1-MA. 

The p r i n c i p l e  of t h i s  co r rec t ion  method w i l l  be descr ibed i n  t h e  

second ins ta l lment  of t h i s  t echn ica l  memorandum. 

3. Convent ions  and Not a t  ions  

3 .l. Axes of Coordinates 

Space is r e l a t e d - t o  a system of orthonormalized axes oxyz whose 

axis ox coinc ides  with t h e  axis of t h e  c y l i n d e r  represent ing  t h e  w a l l .  

3.2. Notat ions (see comment i n  paragraph 3.3, page 5 [of fo re ign  t e x t ] )  

( s e e  Figure 1 a t  t h e  end of t h i s  i n s t a l lmen t )  3.2.1. 

: Cylinder with s t r a i g h t  c i r c u l a r  c ross -sec t ion ,  represent ing  
. .  % ' t h e  w a l l ;  

R: Radius of a s t r a i g h t  s e c t i o n  of ; 

: Unitary vec to r  def in ing  t h e  axis of doublet  D ;  

:Stream poin t  of flow; 

2 



1 I n t e n s i t y  of doublet  D. 

3.2 .2 .  Flow - 
Poten t i a l  of v e l o c i t i e s  of f low proceeding from ycE. ('1 I'gb (HI,? r c  (4 doublet  D i n  t h e  presence of w a l l  ' ; 

. . .  
' Poten t i a l  of v e l o c i t i e s  of f low proceeding from doub- 

l e t  D,  i n  absence of w a l l  ; 

"Complementary" p o t e n t i a l  of v e l o c i t i e s  whose r o l e  
is t o  represent  t h e  inf luence  of w a l l  % . ;  

L1 . Images of c p ~  and cpc i n  t h e  Fourier  transform defined 
i n  paragraph 5.1, page 13 [of fo re ign  t e x t ] ;  

- -  
Veloc'ity induced by doublet  D i n  t h e  absence of w a l l ;  

Ax$= o F f G  [h) Correction of ve loc i ty  owing i o  t h e  presence of w a l l .  

Y,& = p yDlns 

/ 4  
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3 . 3 .  Comment - - /5 

In  order  t o  f a c i l i t a t e  performance of c a l c u l a t i o n s ,  t h e  doublet  D 

w i l l  occupy a s p e c i a l  pos i t i on  with respec t  t o  axes oxyx. This p o s i t i o n  

is defined by: /a 
I .. ( O r  $= 0 )  xozP*= . bo 

It  w i l l  then be easy t o  r e t u r n  t o  t h e  general  case ,  owing t o  t h e  t r a n s l a t i o n  

p a r a l l e l  t o  ox and a r o t a t i o n  around t h i s  axis, i.e., by rep lac ing:  

and 

The ind ices  C,  D ,  G def ined i n  paragraph 3.22 w i l l ,  for t h i s  

s p e c i a l  por t ion  Do of doublet  D ,  be replaced by c, d,  g. 

3.4. Special  Notations Encountered During Development of Calculat ions 

0 
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In the two preceding formulas: 

a 



4.  

4.1. 
w a l l . %  is t h e  sum of t h e  two following p o t e n t i a l s :  

Conditions Which Should Be S a t i s f i e d  by Complementary Po ten t i a l  'pc (M) 
. .  

The t o t a l  p o t e n t i a l  of v e l o c i t i e s  cp ( M )  of t h e  flow i n  presence of g 

4.1.1. ' The p o t e n t i a l  cpol(M) of doublet  D i n  t h e  absence of w a l l  e : 
0 

(4.1) 

4.1.2. The "complementary" p o t e n t i a l  cpc(M) prescr ibed by t h e  presence 

of w a l l  : its expression is unknown at  t h i s  t i m e .  

4.2. 

which should al low c a l c u l a t i o n  of cpc (M)  . 
The t o t a l  p o t e n t i a l  of v e l o c i t i e s  cp (M) s h o u l d . s a t i s f y  two condi t ions  

9 

4.2.1. c p g ( M ) ,  p o t e n t i a l  of v e l o c i t i e s  of an incompressible flow, 

should be a harmonic func t ion  and the re fo re  s a t i s f y  t h e  Laplace equat ion:  

c p o l ( M ) ,  p o t e n t i a l  of v e l o c i t i e s  of a doublet ,  s a t i s f i e s  t h i s  equat ion:  

If it is t r u e  t h a t  

then cp ( M )  a lone w i l l  have t o  confirm ( 4 . 2 ) :  
C 



The first condi t ion  i s  t h e r e f o r e  t h a t  (P,(M) be a harmonic funct ion.  

4.2.2. Condition a t  t h e  Boundaries on Cvl.inder ' y ,  
This  is t h e  condi t ion  prescr ib ing  in t roduct ion  of t h e  func t ion  yC(M). 

Since t h e  f l u i d  can n e i t h e r  pass  through t h e  w a l l  ( , nor sepa ra t e  < 

.from i t ,  a t  any poin t  of t h i s  w a l l ,  t h e  r a d i a l  component of t h e  v e l o c i t y  

should be z e r o  and may be w r i t t e n :  

4.3. 

connected t o  t h e  s o l u t i o n  of a Neumann problem f o r  a cy l inde r ,  i .e. ,  t o  

t h e  determinat ion of a func t ion :  harmonic i n s i d e  a cy l inde r  with s t r a i g h t  

c i r c u l a r  s e c t i o n ,  continuous i n  and on t h i s  cy l inde r ,  and whose d e r i v a t i v e  

perpendicular  t o  t h e  s u r f a c e  of t h e  l a t t e r  takes on a f i x e d  value a t  any 

poin t .  

The search f o r ' t h e  func t ion  cpc(M)=(Pc(X,2,8) is t h e r e f o r e  c l o s e l y  

I n  summary, t h e  func t ion  cp (X,'2,0) is determined by t h e  two r e l a t i o n s :  
C 

(4.5) 

10 



5. P r inc ip l e  of Calcu la t ion  of Complementary P o t e n t i a l :  cpc(M)=yc(X,2,8) 

5.1. Four i e r  Transforms 

Let (P,(g,2,8) and @,(g,2,8) be t h e  images of (pc(X,2,9) and ( p d ( X , 2 , 0 )  

i n  t h e  Fourier  t ransforms def ined by: 
c .  

-I 

f* ' I  (5.3) 

(5.4) 

5.2. Development of GC and as a Fourier  S e r i e s  

5.2.1. QC(g,2,9). is w r i t t e n  beforehand i n  t h e  form 

11 



5.2.2. Qd( , 2 , 0 )  w i l l  be developed as a Four ie r  s e r i  

page 16 [of fo re ign  text]) :  

( see  p ragraph- 6, 

5.3. The i n t e g r a t i o n  of  t h e  Laplace equation (4.4) (page 1 2  [of f o r e i g n  

text]), a f t e r  replacement of cpc(X,2,0) by its Four ie r  transform defined 

by (5.2) (page 13 [of fo re ign  t e x t ] ) ,  g ives  Am(g,2) and Bm(g,2) : 

am(g> and bm(g) a r e  func t ions  which w i l l  be determined using r e l a t i o n  

(4 .5)  (page 12 [.of fo re ign  text]). 

Im(g,2) is a modified Bessel. func t ion  of t h e  first class of order  n 

(see Annex 111, paragraph 2,  page XVIII [of fo re ign  t e x t ] ) .  

5.4. The condi t ion  a t  t h e  boundaries (4.5) then  allows c a l c u l a t i o n  of 

am(.g) and bm(g). 

This condi t ion  can indeed be  wri t ten,  tak ing  i n t o  cons idera t ion  (5.2) 

and ( 5 . 4 ) ,  page 13 [of fore ign  t e x t ] :  

o r ,  a f t e r  an easy ca l cu la t ion :  

12 



I 4 

are known. 

(pc(X,2,0) is  f i n a l l y  obtained by formula (5.2).  

6. Development as a Four ie r  S e r i e s  of t h e  Function @d(g ,2 ,9 ) ,  Image of  
t h e  Po ten t i a l  of t h e  Doublet Do Veloc i t ies  

I 

6.1. Analytic Expression of Po ten t i a l  (DA (X,  2.8) 

. *  

13 



+ 
The components of vec to r  DoM are (see paragraph 3.2, page 4 [of fo re ign  

3e 
t e x t ] )  : 

Furthermore : 

L and 

'1 r (6.1) 

6.2.1. 

Therefore ,  t ak ing  (6.1) i n t o  cons idera t ion ,  

14 



whence, by grant ing  : 

E ,  = 

I 1 

The B a s s e t  formula ( s e e  Annex 111, page XXIII [of fore ign  t e x t ] ) ,  then 

provides:  . 

(6.4) 



Theref ore 

o r  : 

4 
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This  expression w i l l  be general ized l a t e r  on 

[of fo re ign  t e x t ] ) , .  i n  order  t o  remain v a l i d  

have opposi te  s igns  : 

b e p  I a " Q  
6.3. Development as a Four ie r  S e r i e s  of: 

( s e e  paragraph 6.6, page 30 

i n  t h e  case  where t and g 

I 

of o rde r  n. 

and Km being modified Bessel func t ions  of t h e  f i r s t  and second c l a s s ,  m 

t h e  formula ( I I I , 2 8 )  (page XXIII [of fore ign  t e x t ] ) ,  i n  which t is  replaced 

by g t ,  is w r i t t e n :  

I e I 



6 . 3 . 2 .  The conventional formulas : 

t he re fo re :  

and : 
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6.3.3. I t  is easy t o  confirm t h a t :  

or, more simply, a f t e r  having granted,  

P & 1 

(6 .8)  

19 



Formulas (II1,BO) and (III,l5) (page XXI [of fo re ign  t e x t ] )  give:  

P is w r i t t e n ,  i n  t h i s  case:  m 

or 

20 



By changing rn i n t o  mH i n  t h e  preceding formula: 

However, 

i n  which : 

(6.10) becomes: 

and, after removal of Pm between (6.9) and (6.11):  

21 



Since : 

(see ( I I I , ~ ) ,  page xxI [of fo re ign  t , ex t l> .  

It is f i n a l l y  t r u e  t h a t :  

6.3.5. The r e s u l t  sought is the re fo re :  

22 



6.4. Development as a Four ie r  S e r i e s  o f :  

6.4.1. 
a 

The formula (111,271 (page XXIIICof f o r e i g n . t e x t l ) ,  i n  which t is replaced 

by g t ,  becomes: 

ab 

6.4.2. ;($- () 5 [f) is given by formula (6.13.) of t h e  preceding 

page : b 



M 

and, a f t e r  s i m p l i f i c a t i o n :  

. .  

t ak ing  i n t o  cons ide ra t ion  (III,20) and (III,15) (page XXI [of fo re ign  t e x t ] ) :  

-. 

and : 

24 



6.5. Development of $d,(g,r,O) V a l i d  When g>o 

(6.6) (page 1 9  [of fo re ign  t e x t ] )  can be wr i t t en :  

. ~~ . . P 

by rep lac ing  t ,  2, p by g t ,  92, gp i n  t h e  formulas ( I I I , 2 6 )  a n d . ( I I I , 2 8 )  

. (pages  XXII and XXIII [of fore ign  t e x t ] ) ,  it fol lows t h a t :  

25 



These two formulas joined toge the r  with (6.14) of t h e  preceding page, allow 

making e x p l i c i t  @,,(g,2,e> : 
/29 - 

(6.15) 

and, by again taking up t h e  no ta t ions  of paragraph 5.2.2 (page 14 [of fo re ign  

t e x t ] ) ,  o r :  ob 
I .  I 

. h r s  . 

J 

26 
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6.6.1. When g X  

/ 3 0  

( see  (6.41, page 18 [of fore ign  t e x t ] ) .  

Since t h e  i n t e g r a l  above gives  a r e a l  r e s u l t ,  El is. r e a l ,  a s  i s  K 1 ( g t ) .  

g t  i s  t h e r e f o r e  p o s i t i v e  ( see  Annex 111, paragraph 1.4, page XVIII [of 

fo re ign  text]) .  

expression,  v a l i d  when y has  any s ign  whatever, is: 

Since E1 is furthermore an even func t ion  of g ,  its 

6.6.2. Likewise, when 9x, 

(see (6.51, page 19 [of fo re ign  t e x t ] ) .  

A reasoning s i m i l a r  t o  t h e  preceding one e s t a b l i s h e s  t h a t  E2 is  a /3 1 

pure imaginary func t ion :  

On t h e  o t h e r  hand, E2 is an uneven func t ion  of y: 

K o ( g t )  should be real ,  hence g t  should be  p o s i t i v e .  

6 . 6 . 3 .  Zol(g,2,8) is the re fo re  wr i t ten  as fol lows when 

27 



c- 1 
(6.18) 

and 

. 
(6.19) 

7. Calculat ion of t h e  Complementary Po ten t i a l  c p c ( X , 2 , 8 )  (Pa r t  1) 

7.1. Determination of c p , ( X , 2 , 0 ) ,  Special  Solu t ion  of t h e  Laplace Equation 

7.1.1. The formulas (5 .2)  (page 13 [of fo re ign  t e x t ] )  and (5 .5)  
(page 14 [of fo re ign  t e x t ] )  allow obtaining:  

28 , 



whence it fol lows t h a t :  

Taking i n t o  cons idera t ion  t h e s e  va lues ,  t h e  equation. w i t h  p a r t i a l  d e r i v a t i v e s  

(4.4) (page 12 [of fo re ign  t e x t ] )  becomes: 

29 



An equation which w i l l  be s a t i s f i e d  i f :  

The p a r t i a l  d e r i v a t i v e s  of Am(y,2) and Bm(g,2) being taken exc lus ive ly  

with respec t  t o  t h e  v a r i a b l e  r, t h e  two equat ions with t h e  preceding p a r t i a l  

de r iva t ives  a r e  i n  r e a l i t y  d i f f e r e n t i a l  equat ions i n  which r is t h e  v a r i a b l e  

and g one parameter. 

Am(y,2) and Bm(g,2) a r e  the re fo re  s o l u t i o n s  of t h e  equation: 

' "'%a 7.1.2. The Changing of Variable 

a l lows  s impl i f i ca t ion  -of equation (7.2) and c l o s e l y  connecting it t o  a 

known type. Indeed: 

and 

I 

This  equation is t h e  modified Bessel equation ( s e e  Annex 111 

s o l u t i o n  is: . 
. Its general  



* 4 

i n  which c1 and c 

of g ;  hence: 

are  independent from t h e  variable u=gr,  but are a func t ion  
6. 2 

7.1.3. Simpl i f i ca t ion  of Am(g,2) and Bm(y,2) 

The func t ion  (pc(X,2,@) should have a f i n i t e  value i n  t h e  case  of  

x5R. More p a r t i c u l a r l y ,  it should be bounded on t h e  axis of  t h e  c y l i n d e r  

. ‘& (r=O). Since t h e  func t ion  Km(y,2) is i n f i n i t e  i n  t h e  case of  r=O (see 

Annex 111, page XX [of f o r e i g n  t e x t ] ) ,  i ts presence i n  Am and Bm in t roduces  

a s i n g u l a r i t y  i n  t h e  expression of vc(x ,2 ,8) .  It the re fo re  should follow: 

and 

7.1.4. By ca r ry ing  t h e s e  two values  i n t o  (7.1) (page 32  [ o f  fo re ign  

t e x t ] ) ,  it fol lor~s t h a t :  



(7.8) 
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7.1.5. Transformation of Am(2) and Bm(2): 

- / 3  7 

likewise by changing am(g) into bm(g): 
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7.1.6. Calculat ion of m ( y )  and bm(y): 

The condi t ion a t  the  boundaries (4.5) (page 12 [of fore ign  t e x t ] ) :  

P 

can be r e w r i t t e n ,  taking i n t o  account e q u a l i t i e s  (5.2) and (5.4) 

[ o f  fore ign  t e x t ] )  : 

(page 13 

and, by replacing GC and Gd by t h e i r  developments as Four ie r  s e r i e s  ( see  

(5.5) and (5.61, page 14 [of fore ign  t e x t ] ) :  
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see (6.191, page 31 
[of foreign textl 

see (111,18), page 
XXI [of foreign textl 

see (111,231, page 
XXI [of foreign textl 

m ( g )  and bm(g) will be expressed'as follows: 

I1  
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/40'  7.1.7. Calcu la t ion  of Am and Bm - 
m ,  on one hand,. m - 1  and m + l ,  on t h e  o the r  hand, being of d i f f e r e n t  

p a r i t i e s :  

(see Annex 111, paragraph 2.2.2, page XX [of fo re ign  t ex t ] ) .  

and, s i n c e  
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D 

P 

By carrying these values i n t o  (7.10) and (7.11)9 it follows t ha t :  
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Likewise : 

n 

38 

7.1.8. Changing of Notations 

The new v a r i a b l e  6 and t h e  new parameters u, v, w - w i l l  be defined by: 



With t h e s e  new n o t a t i o n s  Am and Bm are w r i t t e n :  

b 

Then, by grant ing  . 

I 
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(7.16) 

8. Calcu la t ion  of the  In tegra l  

.. 

(7.17) 

/44 
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8.1. Calcu la t ion  of 

m is a p o s i t i v e  whole number, m Trn-1, m o r  m + l .  
1 

The Nielsen formula ( see  (111,311, page XXIV [of fo re ign  t ex t ] )  gives:  

s ince  



(see (11,8), page VI11 [of fore ign  t e x t ] ) .  

With : 

It follows t h a t :  

L e t ;  wi th  t h e  no ta t ions  defined i n  paragraph 7.1.8 (page 42 [of fo re ign  

t e x t ] )  and by grant ing i n  addi t ion :  - 

4 2  



(8.2) 

- 
-I 

8.1.2. Development of [I-h-, (CY) +Xb+, (Q) )  as a Whole S e r i e s  of G, 
\ - -  c 

8.1.2.1. 

( s e e  (111,16) ,  page XXI [of fo re ign  t e x t ] ) .  

And 

( see  ( I I I , ~ o ) ,  page XIX [of fore ign  t e x t ] ) .  

*. 
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If it is  granted: 

(8.3 ) becomes : 

(8.4 

(8.5 

- /47 

(8.6 

8.1.2.2. Calcu la t ion  of -eb(.\) . 
, I  &kl''&) is produced by t h e  s o l u t i o n  of a system of p linear equations 

y i t h  p unknowns and deduced from the  equa l i ty :  
I . .  

. 
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Or : 

whose so lu t ion  gives : 

. 1 .  
1 

. .  . 

. I  '. . .  



. e  

Then, taking into account the obvious simplifications: 

8.1.3. The consolidation of (8.21, page 45 [of foreign text] 
(8.6), page 47 [of foreign text] gives: 

or : 

- / 4  9 
and 
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with : 

8.2. If it is granted: 

E(u 

(8.10) 

v,W,m ml,h) becomes, tak ing  i n t o  account (8.81, page 49 [of fo re ign  t e x t ] :  

I . ... . 

QQ 

P4 -c +( 
. T"  

I 

More p a r t i c u l a r l y ,  taking i n t o  account (III,l9), page XXI [of fo re ign  t e x t ]  : 

47 



8 .3 .  Calcula t ion  of t h e  I n t e a r a l  

and 

- /51 

8.3.1. I n ' t h e  .formula (111,321, page XXV [of fore ign  t e x t ] ,  t h e  change 

or : 

gives : 

4a 



Since:  

and : 

- / 5 2  

(8.12) 

8.3.2. x=Rtgu, t gu  can t he re fo re  vary from -m t o  +a, and t h e  p o i n t :  

descr ibes ,  i n  t h e  complex plane z ,  t h e  s t r a i g h t  l i n e  A of t h e  equation: 

49 



F ( L  - ) f i b  L . + - b j  i+ d m i $ u u )  can, an t h e  8.3.3. Function 
t 8, ' L  

o the r  hand, be developed a s  a s e r i e s  according t o  increasing powers of 

. This s e r i e s  is only absolu te ly  convergent, notwithstanding 'B= 

( see  Annex 11, paragraph 1.2, page V [of fore ign  t e x t ] ) .  

The poin t  a should therefore  be loca ted  on t h e  segment AB of A i n s i d e  

t h e  c i r c l e  i z  I =1, from 'which it fol lows t h a t :  

When \ uI h / 3  (u  can vary from -n/2 t o  +'17/2), t h e  development i n  t h e  

aforementioned s e r i e s  diverges.  It is then  necessary t o  c a r r y  out  t h e  

a n a l y t i c a l  extension o f F  

domain 1.1 <1 i n  t h e  domain 1 

.*. . 

. .  . .  

Q .. . 

1 >1. 

' I  

I 
IB 

A 

- 
A 9 a 
24 
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8.3.4. A simpler  so lu t ion  c o n s i s t s  i n  s e t t i n g  UP a cons i s t en t  repre-  

s en ta t ion  between plane, z and a, p lane  2 ,  using, th'e transform: 

(8.13) 

which causes  correspondence of t h e  s t r a i g h t  l i n e  A (R(2)=1/2) of p l ane  

z and c i r c l e  ( c )  of equation \ Z l  =1 of plane 2. 

-8.3.5. The first transform formula of Euler  (11 ,12 ) ,  page XI1 [of 

f o r e i g n  text.]  : 

is wkit ten:  

- /54 

L 1 
. --  

The.funct ion '  " [ d  /a "g 3) 
according t o  t h e  increas ing  powers of Z=-e . This  series w i l l  be abso- 

l u t e l y  convergent,  al though I Z 1 =1, on t h e  condi t ion  t h a t :  

paragraph 1.2, page V [of fore ign  t e x t ] )  

can then  be developed as a s e r i e s  
-2iu ? . )  > 

(see Annex 11, 

- /55 
(8.15) 
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8.3.6. C a s e  m=O 

The func t ion  q'. 6, i+&)--& . can always be  developed as -9 & J _ _  26 
a s e r i e s .  However, t h i s  series converges without converging .absolutely.  

I t  is then impossible  t o  modify t h e  order  of t h e s e  terms so as t o  s impl i fy  

summation f o r  t h e  sum produced w i l l  be a func t ion  of t h e  order  s e l ec t ed  

(see re ference  1, volume 1, paragraph 19, page 3 7 ) .  

This  d i f f j . cu l ty  can be surmounted by rep lac ing  t h e  aforementioned F 

func t ion  by two of i ts contiguous func t ions  ( see  Annex 11, paragraph 2.4, 

page VI11 [of fore ign  t e x t ] ) ,  which, f o r  t h e i r  p a r t ,  can be developed 

as absolu te ly  convergent series. 

According t o  formula ( I I , l 5 ) ,  page X I V  [of  fo re ign  t e x t ] ,  

For t h e  two func t ions  appearing i n  t h e  second member of (8.16): 
.... 

(8.1C 

- /56 

The t h i r d  Euler  dxansform formula (11,14),  page X I 1  [of  fo re ign  t e x t ] :  

w i l l  a l low replacement of t h e s e  two func t ions  by two o t h e r s  f o r  which T-4-b 
w i l l  be p o s i t i v e  because equal t o  1: 



and finally: 

8.3.7. Formula (8.13) on page 54 [of fo re ign  t e x t ] ,  taking (8.14) 
'and (8.17) found on'pages 54 and 56 respec t ive ly  [of fo re ign  t e x t ] ,  

becomes : 

- /57 
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Formula ( I I , 7 ) ,  page V I 1  [of fo re ign  t e x t ]  a l lows development i n  se r ies  of 

t h e  hypergeometric func t ions  contained i n  t h e  two preceding expressions.  

By grant ing:  

it fo l lows  t h a t :  * 
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and s ince :  

( s e e  (1,7), page I1 [of foreign 
t e x t ] )  ; 

F( z ,  ( s e e  (1,8), page I1 [of fore ign  
t e x t ] ) .  

em(u,a) and eo(u ,a )  are w r i t t e n :  

. .  . 

but 
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Since .C is t h e  number of combinations of ,a-m o b j e c t s  taken q t o  q, 
a-m , .  

and 

It is easy t o  confirm t h a t :  

(8.19) 

. . . . . . . .  - . . . .  - . . . . .  .... .- .......... 

Furthermore, 

(see (1,6), page I1 [of 
fo re ign  tex t  1) ; 

I 

(see (1,5), page II [of 
fo re ign  text 11. 



Theref ore  : 

Whence : 

(8.20). 

. . .  - .  . . .  . . .  ~ . .. .~ . . . .  

'Likewise : 

(8.23) 
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9. Calcu la t ion  of Complementary Po ten t i a l  (pC(x,2,e) (Pa r t  2) 

9.1. I n  summary, t h e  d i f f e r e n t  formulas allowing c a l c u l a t i o n  of t h e  com- 

plementary p o t e n t i a l  (pc(X,2,8) (case i n  which doublet  D is placed as Do. 

$ee paragraph 3 . 3 ,  page 6 [of fo re ign  t e x t ] )  may be summar'ized as fo l lows:  

- 

9.1.1. 

- .  



9.1.2. - / 63  

(9.5) 

, .. . 
' .. 

. -  

. .  

_ -  

I 
Formula i n  which: 

(9 .6)  

In particular:  . 

. . .  
i I 
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. . .. . . .  . .  . . . , . .  .. . . 

(9 .8)  

The values of E are produced by replacing the  cosines by- s ines  i n  Ec. 

, 

b (m) is  defined by the  re lat ions:  
P-m 

and ; 9  
i - r  



9.1.4. 

(9.13) 
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9.2.  

(see paragraph 3 . 3 ,  page 5 [of foreign text]) .  

Expression o f 3  Valid for  Any Position o f  Doublet D 

In order t o  obtain t h i s  expression, it is enough t o  replace in the  

. -  
formulas of paragraph 9.1 : 

i . .  

9 
. .  

Paragraph 9.1 therefore becomes: 
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. .- 

The other formulas (paragraphs 9.12 t o  9.14) remain v a l i d  on condition that  

U'AU is substituted therein. 

10. 

10.1. 

Calculation of Ve loc i t i e s  Induced by Doublet D 

These v e l o c i t i e s  are given by: 

(9-19)  

/68 

or : 
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. . . . . . . 

Since: 

(10.1) 

! 

(10.2) 
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(10.3 

10.2 e Transformat ion. of q j  y , w,,m., \rnlL 

According to (8.11, (8.1'1, page 45 [of foreign text ]  and (8.91, page 

49 [of foreign text]:  



P /71 
The series (lo.&), giving Cq(v,w,m, [,.,I) can be ordered according 

to the.increasing powers of v, using the following identity: 

. .  . -. 

. .  

or : 

(lo.( 

(10.7 

(10.8 

I 

b is deduced from bn (see 10.5) by permuting n and p. 
Pln9q 9P99 
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10.3. Calculation o f  -9 

10.3-1.  A mere modification of subscript allows formula ( 9 . 5 1 ,  page 

63 [of foreign text] t o  be written i n  the form: 

In which : 



I .. . 

( 10 . 121 
- /73 

In particular, 

. .  . .  - .  - . .. .. 

(10.1; 

(10.14 



10.4. Calcula t ion  of - 
The corresponding expressions a re  produced beginning from ( l O . l l ) ,  

(10.12) 'and (10.13) by changing t h e  s i g n  of t h e  r ighthand s i d e  i n  t h e s e  

formulas and also rep lac ing  t h e  s i n e s  Py cosines .  

It fo l lows  d i r e c t l y ,  beginning from ( l O . l O ) ,  page 72 [of fo re ign  t ex t ] :  

' e  & 1 

/74 

(10.16) 

(10.18) 
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10.6. Calculat ion of - /75 
. .  . -  

It is enough, i n  order  t o  obta in  t h e  above, t o  r ep lace  t h e  cos ines  

by s i n e s  i n  formulas (10.151, (10.17.) and (10.18). 

10.7. Comment with Respect t o  Numericai Calcula$ions 

S ince  t h e  series show e,(u,a) ((8.2b1, page 60 [of fo re ign  text]), 

and eo(u,a)  ((8.221, page 61 [of fore ign  t ex t ] ) ,  as being absolu te ly  

convergent (see paragraph 8.3.3 through paragraph 8.3.61, it is allowed t o  

modify t h e  order  of component terms. 

Independently from t h e  s impl i f i ca t ions  which w i l l  appear during numerical 

c a l c u l a t i o n s  f o r  c e r t a i n  noteworthy va lues  of u t ,  t h i s  modif icat ion based 

on t h e  p e r i o d i c i t y  of t r igonometr ic  l i n e s  w i l l  al low grouping t h e  terms 

. corresponding t o  one same va lue  of  t h e  s i n e  o r  cosine.  

Indeed, it is easy t o  confirm t h a t ,  ,when: 

( u t  i n  degrees 180 n =  
PGCD of 180 and of uI 

. .. . .  . _ .  . .. 

. 9 )  

(10.20) 

( 10.22) 
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The preceding formulas can be  replaced by: 

(10.23) 

( 10.24 ) 

and : 
I /77 

( 10.26) 
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These formulas are only advantageous when n is small. This is the  

case when it i s  possible  t o  se l ec t  values of u t  for  the purpose of 

studying the development of v e l o c i t i e s  induced as a function of abscissa X. 

For example: 

! 



10.8. The second ins ta l lment  of t h i s  t echn ica l  memorandum w i l l  be p a r t i a l l y  /78 - 
devoted t o  t h e  c a l c u l a t i o n  of v e l o c i t i e s  induced by a continuous l i n e a r  

d i s t r i b u t i o n  of doublets .  This c a l c u l a t i o n  w i l l  be c a r r i e d  out  beainning 

from t h e  t o t a l  p o t e n t i a l  of t h i s  d i s t r i b u t i o n .  

Since t h e  knowledge of v e l o c i t i e s  induced by an i s o l a t e d  doublet  is 

of no u t i l i t y ,  t h e  development w i l l  not be continued beyond t h e  formulas 

t h a t  a l low c a l c u l a t i o n  of t h e s e  v e l o c i t i e s .  

13 October 1967 

P. Michel 

. 

73 



ANNEX I 

Euler  Functions 

1. F i r s t  Class Euler Functions: ; !r [ VJ (X is a real number) 

1.1. s-0 

1.1.1. r(x)is defined by t h e  i n t e g r a l  

if x=l :  

o<cle<1. I ,  

. .  1.1.3. * [I, ( I ,3 )  

F;.h *FxL 

More p a r t i c u l a r l y  : 
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1.1.4. When n is aopos i t ive  i n t e g e r :  

( I , 2 )  becomes: 

and 

1 1 
1.2. wCs\ 
The i n t e g r a l  (1,l) has no d i r ec t ion .  Nevertheless ,  %I.%) can then  

be defined by t h e  recurs ion  formula ( 1 , 2 ) ,  page I [of fo re ign  text]. 
. ,  

1.2.lg'r-[34,\is i n f i n i t e  f o r  nega t ive  whole va lues  of x and f o r  

x=o 9 

1.2.2. I f  n is a p o s i t i v e  i n t e g e r :  

( I , 6 )  .and ( I , 7 )  give:  

2. Second C l a s s  Euler  Functions: B ( p , q )  ( p  and q are real numbers) &I1 

2.1, B ( p , q )  is defined by t h e  i n t e g r a l :  

I I 

This  i n t e g r a l  has  only one d i r e c t i o n  when : 

75 



2.2.  

. 2.3. 

The change of variable t= l -u  shows that:  

Recursion Formulas: 

(1,101 

(1,111 and (1,121 give:  21 (1,131 

in  which : 

These two formulas allow decreasing the magnitude of p and q at  the t i m e  

. of calculation of B ( p , q ) .  This calculation is performed more eas i ly  using 

formula (1,151 : 

2.4. B ( p , q )  can be expressed using function 
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ANNEX I1 

Hvoeraeometric Gauss Functions: F,y,B,Y,Z 

1.' The Hvoeraeometric Gauss S e r i e s :  F(cu,B,Y,z) 

1 .l. This ser ies  may. be  expanded : 

P 

a ,  $,  y are parameters,  with t h e  v a r i a b l e  2;. These f o u r  q u a n t i t i e s  can 

be  real o r  complex. . 

1.1.1. F(r~ ,B,y ,z )  is not  def ined when y is  equal t o  zero  or  

a negat ive  in t ege r .  

1.1.2. a and B p lay  i d e n t i c a l  r o l e s ,  hence: 

1.2. 

The r a t i o  of t h e  c o e f f i c i e n t s  o f  terms of rank nM and N may be 

Convergence of t h e  S e r i e s  F(a,B,Y,z) 

, ' y r i t t e n  : 

This  r a t i o  tends toward 1 when n tends  toward i n f i n i t y .  

. The hypergeometric s e r i e s  is t h e r e f o r e  absolu te ly  convergent when 

J Z k l .  

This  absolu te  convergence is preserved on t h e  c i rc le \  21 =1, on t h e  con- 

d i t i o n  t h a t  t h e  r e a l  p a r t  of (y-cu-p) is p o s i t i v e  (see re ference  1, Volume 11, 

paragraph 112, page 238). 

1.3. P. Appell introduced t h e  symbol: 
\ I 



(see reference  4 ,  page 1.) 

n is a p o s i t i v e  in t ege r  o r  zero.  

1.3.1. The formula ( I , Z ) ,  page I [of fore,gn t e x t ]  a lows yr 

o r ,  taking i n t o  account ( I I , ~ )  : 

This  f rmula i s  only v a l i d  when p is d i f f e r e n t  from zero of from a 

negat ive in teger .  

1.3.2. When p is a p o s i t i v e  in t ege r :  

1.3.2.1. (1 ,4 ) ,  page 11 [of fo re ign  t e x t ]  gives:  

More p a r t i c u l a r l y :  

( s i n c e  0!=1 by convention) 

t ing  : 

/ V I  I - 

1.3.2.2. Calcu la t ion  of ( -p ,n)  



It may be seen t h a t :  

. .  

it follows t h a t  : 

(II,6) 

1.4. Taking r e s u l t s  from sec t ion  1.3 i n t o  cons idera t ion :  

\ -  

1.4.1. 

/VI I I - 



n can indeed not be g rea t e r  than  p ( see  paragraph 1.3.2.2., page V I 1  

[of fo re ign  t e x t ] ) ,  and t h e  hypergeometric s e r i e s  is reduced to a polynomial 

of degree p i n  2. 

1.4.3. I f  a=-p and $=-Y, p<y (p  and q a r e  p o s i t i v e  i n t e g e r s )  

and i f ,  i n  add i t ion ,  y = r + l  (r  i s  an in t ege r  greate.r than zero)  

2. The Hypergeometric Gauss Function 

2.1. Def in i t ion  (see reference  4,  page 2) 

2.1.1. The a n a l y t i c a l  extension of t h e  hypergeometric series 

F(cy,B,y,z) t o  t h e  outs ide  of  its circle  of convergence 1 zI  =1, d e f i n e s  a 

.new func t ion  l ikewise designated by t h e  no ta t ion  F (a ,$ ,y , z ) .  

2.1.2. Since poin t  z= l  is t h e  only c r i t i c a l  point  with f i n i t e  

d i s t a n c e  of t h i s  func t ion ,  t h e  l a t t e r  can be made uniform i n  t h e  whole plane 

of v a r i a b l e  z on condi t ion of suppressing i n  t h e  l a t t e r  t h e  p a r t  of t h e  

real axis going from +1 t o  +a. 

2.2. Representation of t h e  Hypergeometric Function by a Clear ly  Defined 
In t eg ra l  ( s e e  re ference  2, sec t ion  15, page 3 6 )  I 

+ 

When t h e  real p a r t s  of B and y-$ are p o s i t i v e ,  t h e  func t ion  F (~y ,$ ,y , z )  
can be  represented by an i n t e g r a l  of Jacobi :  
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The i n t e g r a l  o f  t he  r ighthand s i d e  is indeterminate.  

-1 If t h e  c r i t i c a l  po in t  u=z is loca ted  on t h e  i n t e g r a t i o n  p a t h  ( O , l ) ,  - /X 
z can t h e r e f o r e  take no real va lue  g r e a t e r  than  1. 

If t h i s  cond i t ion  is f u l f i l l e d  (cu tof f  (+l,+a) i n  t h e  p lane  of t h e  . 

v a r i a b l e  z), t h e  i n t e g r a l  is uniform (see, f o r  example, r e fe rence  3 ,  Volume 1, 

Chapter 11, paragraph 1, page 155) . 

The i n t e g r a l  and func t ion  F(Q,B,y,z) are t h e r e f o r e  def ined and uniform 

i n  t h e  same domain (see paragraph 2.1.2, page I X  [of fo re ign  t e x t ] ) .  

2.2.1. If z c1 

I 

Since Wu<l 1 uz\ <1, and: 

( t h i s  formula shows, i n  passing,  t h a t :  

S t i l l  on t h e  hypothesis  t h a t  1 z \< l :  
... 



Formula ( 1 1 , l O )  i s  thus  confirmed i n  t h e  case i n  which ) z ) < l ,  i .e . ,  

.when t h e  hypergeometric func t ion  is reduced t o  t h e  hypergeometric s e r i e s .  

2.2-2. If a = l  

(11,10), page I X  [of fore ign  t e x t 1  becomes: 

(11,111 

This formula allows ca l cu la t ion  of t h e  value of t h e  hypergeometric 

series when 1; assumes t h e  c r i t i c a l  value 1. . 
2.3. 

The in tegra% : 

Transformation of t h e  Hypergeometric Function 

a2 



does not  change form when one of t h e  following t h r e e  changes of v a r i a b l e  

are c a r r i e d  out o n . i t :  

These changes of  v a r i a b l e  give t h e  t h r e e  Euler transform formulas: 

(11,121 

(11,131 

(11,141 

2.3.1. The hypergeometric func t ions  which appear i n  t h e  r i g h t -  

hand s i d e  of t h e  first two transform formulas are hypergeometric s e r i e s  

of v a r i a b l e  Z=z(z-l)  

convergent s e r i e s  of t h i s  v a r i a b l e  Z ,  on t h e  condi t ion  t h a t  z be loca ted  

i n  domain D1 def ined by: 

-1 . They can the re fo re  be developed as absolu te ly  

This  i nequa l i ty  becomes, when po and p des igna te  t h e  moduli of z and z-': 1 

Domain D1 is t h e r e f o r e  t h e  half-plane located a t  t h e  l e f t  of t h e  s t r a i g h t  . 
1 ine  : 

(R(z)=rea l  p a r t  of z) Qig- 
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2.3 .2 .  The transform ( I I ,14)  has  t h e  advantage of allowing 

aomparison of one hypergeometric s e r i e s  f o r  which R(y-a-$1 is negat ive 

with t h e  case of another s e r i e s  f o r  which R(y-a-B) is  pos i t i ve .  

This  c h a r a c t e r i s t i c  w i l l  be usefu l  f o r  study of a hypergeometric 

s e r i e s  on its circle of convergence (see s e c t i o n  1.2, page v [of f o r e i g n  

text]) .  

2.4. Contiguous Hypergeometric Functions ( see  re ference  4 ,  page 3 )  

2.4.1. The hypergeometric funct ions F ( a , $ , y , z )  and F(cy',B',y',z') 

are c a l l e d  "contiguous" when one of t h e  t h r e e  dif ' ferences ay'-a, y'-y, or 

81-8 is equal t o  f l ,  t h e  two o the r s  being zero. /XIV - 
F(cy,B,y,z) has ,  th 'erefore,  s ix  contiguous funct ions.  

F ( a , S , y , e )  and two of i ts  contiguous func t ions  are connected by a 

. l i n e a r  r e l a t i o n .  These r e l a t i o n s  are t h e r e f o r e  i n  t h e  number of: 

2.4.2.  Example of r e l a t i o n  between F(~y,B,y ,z )  and two of i ts  

contiguous.  func t ions .  
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ANNEX, I11 

Modified Bessel Functions 

1. The Bessel Equation 

The second o rde r  l i n e a r  d i f f e r e n t i a l  equat ion:  . .  

where t is a real  or  complex v a r i a b l e  and ' d !  is a real number, is c a l l e d  

t h e  Bessel equat ion with index ' v ! .  I 

1.2. If ,y is not  an i n t e g e r ,  t h e  general  s o l u t i o n  t o  t h i s  equat ion is: 

c1 and c2  are cons t an t s ;  J (t) and J-, (t) are first class Bessel func t ions  

with subsc r ip t  $ and -$. .v v. 

and : 
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__l) is aero f o r  k<n ( s e e  sec t ion  1.2.1, page I1 [of fore ign  text,]) .  Bm-\.4". 

Therefore:  

J 

It is then  necessary t o  seek another spec ia l  so lu t ion  of t h e  equation i n  

order  t o  m a k e  c l e a r  i ts general  so lu t ion .  

( t)  and Jn( t )  are equal p r a c t i c a l l y  t o  t h e  s ign ,  t he re fo re  proport ional .  - /XVII 
-? 

The func t ion  

B 

confirms t h i s  equation, and 

&Ti- 

l I 
i s  t h e  general  so lu t ion  sought a f t e r .  
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h - 8  1 

y is t h e  Euler-Mascheroni cons tan t .  

and 

(by convention, $ ( p )  =O> 

1.4. I€ t is a real number: 

1.4.1. 0 0  

J (t) is real  r ega rd le s s  of v ( i n t e g e r  o r  n o t ) .  

Y (t)  is  real r ega rd le s s  of va lue  of i n t e g r a l  n. 

- 
V 

n 

1.4.2. t < O  - 
Jvct) is only r e a l  when v is an in t ege r .  In  t h i s  case:  

/xvIII 
I 

Y ( t)  is complex no matter va lue  of i n t e g r a l  n. n 
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2. The Modified Bessel Equation 

This equation is derived from t h e  conventional B e s s e l  equation by a 

mere change of s ign :  
I 

The s tudy w i l l  be l i m i t e d  t o  the  case  i n  which v is an in t ege r  (v=n).  

The general  so lu t ion  of t h i s  equation is then  wr i t t en :  

I,,,It) and K,,(t)  a r e  first and second c l a s s  Bessel func t ions  of order  n. 

. .  . .  _ .  
1 -  

d I 

(111,111 

- 
H -t 

8 8 .  



2.1. Relation between J_(t) and I - ( t )  

Therefore  : 

I . .  

( I I I , 1 2 )  

2.2. I f  t is a r e a l  inheger 

2.2.1. - 0 0  - 
I ( t)  and K ( t)  are real r ega rd le s s  of value of i n t e g r a l  n. 

2.2.2. t < O  

In(t) is real r e g a r d l e s s  of i n t e g r a l  n,  and 

n n .  

- 

K ( t)  is complex r e g a r d l e s s  of value  of i n t e g r a l  n. n 

Function K,(t)  is i n f i n i t e  f o r  t = O .  2.3. 

Th i s  s i n g u l a r i t y  is due t o  t h e  presence of logarithmic ( f o r  n=O) o r  

nega t ive  powers of t ( f o r  -1. 

The s o l u t i o n s  of (111,8), f i n i t e  i n  t h e  case  o f . t=O,  a r e  hence i n  t h e  

form : 

c is a constant.  

i I 
(III,13 



3 .  Prope r t i e s  of Modified Bessel Functions 

3 .l. Recursion Formulas 

3.1.1. I ( t )  - 

3.2. Formulas of addi t ion  i n  t h e  s p e c i a l  case  i n  which: 

(111,191 

(III,Zo) 

(111 

(111 

21 1 

22 1 

( I I I, 23 ) 
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In  t h i s  ca se ,  t h e  func t ions  I ( t>  and K ( t )  are developed according t o  
n n 

t h e  following formulas:  , 

b ( see  reference 5, page 361) 

3.2.2. 



" $  

and, tak ing  i n t o  account t h e  formula (111,201, page XXI [of f o r e i g n  t e x t ] :  

3.3. Basset Formula 

Th i s  formula i s  wr i t t en  ( s e e  re ference  5, page 172) :  

J 

This  expression i s ' v a l i d  for p o s i t i v e  va lues  of n,, g ,  and t. 

When m=l.  
I 

(111,281 

( I 11,29> 

P *  

( s e e  Annex I) 
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3.4. Nielsen Formula ( see  re ference  5, page 148) 

1 Q(f-1 >Q+td This  formula is only v a l i d  i f :  

is a general ized Legendre func t ion  (see reference  6, paragraph 

r I . .  

Therefore:  

(111,341 

I I 
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4 .  Asymptotic Values of I ( t )  and K - ( t )  (see re ference  5 ,  page 202) / W I  

When t is very l a r g e ,  t h e  values  of I n ( t )  and K n ( t )  a re  represented 

by : 

These formulas can be r ewr i t t en :  

I 00 

b 3 

. 
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